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We find an instability resulting in generation of large-scale vorticity in a fast rotating density
stratified small-scale turbulence or turbulent convection. In a simplest case when the angular velocity
is along gravity (the vertical direction), the large-scale instability causes excitation of two modes:
(i) the mode with dominant vertical vorticity and with the mean velocity being independent of the
vertical coordinate; (ii) the mode with dominant horizontal vorticity and with the mean momentum
being independent of the vertical coordinate. The mode with the dominant vertical vorticity can
be excited in a fast rotating density stratified hydrodynamic turbulence or turbulent convection.
For this mode, the mean entropy is depleted inside the cyclonic vortex, while the mean entropy is
enhanced inside the anti-cyclonic vortex. The mode with the dominant horizontal vorticity can be
excited only in a fast rotating density stratified turbulent convection. The developed theory may
be relevant for explanation of an origin of large spots observed as immense storms in great planets,
e.g., the Great Red Spot in Jupiter and large spots in Saturn. It may be also useful for explanation
of an origin of high-latitude spots in rapidly rotating late-type stars.
I. INTRODUCTION
Generation of large-scale vorticity in turbulent flows
has been investigated theoretically, experimentally and
numerically in a number of studies due to various appli-
cations in geophysical, astrophysical and industrial flows
(see, e.g., [1–3]). There are various ways of the excitation
of the large-scale vorticity by a small-scale turbulence.
Using an analogy between the induction equation for
magnetic field and the vorticity equation (see [4, 5]), it
has been proposed in [6–8] that the large-scale vortic-
ity can be generated due to a large-scale instability by
the kinetic α effect in a helical turbulence with a net
kinetic helicity. The kinetic helicity and the kinetic α
effect can be produced in a rotating density stratified
or inhomogeneous turbulence. In magnetohydrodynam-
ics, a large-scale magnetic field can be generated by α2
or αΩ mean-field dynamos (see, e.g., [5]). In particular,
the αΩ dynamo is caused by a combined action of heli-
cal turbulence and non-uniform (differential) rotation of
plasma.
Another possibility for a generation of large-scale vor-
ticity is related to the AKA effect (or anisotropic kinetic
alpha effect) [9–11]. In particular, a non-Galilean invari-
ant forcing can result in a large-scale instability due to
the anisotropic kinetic alpha effect which results in the
generation of large-scale vorticity. For example, bound-
aries can break the Galilean invariance which cause the
AKA effect [12]. In astrophysics, a turbulence driven by
non-Galilean invariant forcing can exist in galaxies (e.g.,
supernova-driven turbulence [13, 14] and the turbulent
wakes driven by galaxies moving through the galaxy clus-
ter [15]).
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On the other hand, a non-helical turbulence with an
imposed large-scale velocity shear can cause a large-scale
instability resulting in production of the large-scale vor-
ticity due to a combined effect of the large-scale shear
motions and Reynolds stress-induced generation of per-
turbations of mean vorticity [16, 17]. This effect referred
as ”vorticity dynamo” has been also confirmed in direct
numerical simulations (DNS) [18, 19].
A large-scale vorticity also can be produced by a com-
bined effect of a rotating incompressible turbulence and
inhomogeneous kinetic helicity [20–23] or due to a com-
bined action of a density stratified rotating homogeneous
turbulence and uniform kinetic helicity [23]. These effects
result in the formation of a large-scale shear, and in turn
its interaction with the small-scale turbulence causes an
excitation of the large-scale instability (the vorticity dy-
namo) due to a combined effect of the large-scale shear
and Reynolds stress-induced generation of the mean vor-
ticity [23].
Recent DNS have shown that large-scale vortices in
rapidly rotating turbulent convection can be formed in
compressible [24–26] or Boussinesq fluids [27–30]. The
produced large-scale motions include cyclonic vortices
and anti-cyclonic vortices. It was found that in the cy-
clonic vortices the temperature is depleted [25, 26].
In the present study we develop a theory of the gen-
eration of the large-scale vorticity in a fast rotating den-
sity stratified turbulent convection. We have found a
large-scale instability which results in an excitation of
two modes. For the mode with dominant vertical vor-
ticity, the mean velocity is independent of the vertical
coordinate. This mode can be excited in both, a fast
rotating density stratified hydrodynamic turbulence and
turbulent convection. We have demonstrated that for
this mode, the mean entropy is depleted inside the cy-
clonic vortex in agreement with [25, 26]. For the second
mode, the horizontal component of the mean vorticity is
2dominant, and the mean momentum is independent of
the vertical coordinate.
This study may be used for an interpretation of for-
mation mechanisms of large spots observed in the form
of immense storms in great planets (e.g., the Great Red
Spot in Jupiter and large spots in Saturn, see, e.g., [31–
33]), and it may be useful for explanation of an origin
of high-latitude spots seen in Doppler imaging in rapidly
rotating late-type stars [25, 26].
This paper is organized as follows. In Section II we
consider the effect of fast rotation on the Reynolds stress.
Here we outline the method of derivations and approxi-
mations made for study of this effect. Using mean-field
equations and the derived rotational contributions to the
Reynolds stress, we study in Section III the large-scale
instability causing the generation of the large-scale vor-
ticity in a fast rotating density stratified turbulent con-
vection. In Section IV we investigate production of large-
scale vorticity by fast rotating homogeneous anisotropic
turbulence in the absence of gravity. Finally, conclusions
are drawn in Section V. In Appendix A we present details
of the derivation of equation for the rotational contribu-
tions to the Reynolds stress.
II. EFFECT OF FAST ROTATION ON THE
REYNOLDS STRESS
To investigate effect of fast rotation on the Reynolds
stress in a density stratified turbulent convection, we use
a mean field approach whereby the velocity, pressure and
entropy are decomposed in the mean and fluctuating
parts. To derive equations for the rotational contribu-
tions to the Reynolds stress, we follow the method that
is developed in [23, 34] and outlined below (see, for de-
tails Appendix A).
We use equations for fluctuations of velocity u′ and
entropy s′ = (γP0)
−1p′ − ρ−10 ρ′ in a low-Mach-number
turbulent convection:
∂u′
∂t
= −(U ·∇)u′ − (u′ ·∇)U −∇
(
p′
ρ0
)
− g s′
+2u′ ×Ω+UN , (1)
∂s′
∂t
= −Ω
2
b
g
(u′ · e)− (U ·∇)s′ + SN , (2)
where Eq. (1) is written in the reference frame rotating
with the constant angular velocity Ω. Here U is the
mean fluid velocity, Ω2b = −g · ∇S with S being the
mean entropy, p′ and ρ′ are fluctuations of fluid pres-
sure and density, respectively, γ is the ratio of specific
heats, g is the acceleration due to the gravity, e is the
unit vector directed opposite to the acceleration due to
the gravity, the nonlinear terms UN and SN which in-
clude also the molecular dissipative terms, are given by
by Eqs. (A1) and (A2) in Appendix A. The variables with
the subscript ”0” correspond to the hydrostatic nearly
isentropic basic reference state defined by ∇P0 = ρ0g
and g · [(γP0)−1∇P0 − ρ−10 ∇ρ0] ≈ 0, where P0 and ρ0
are the mean fluid pressure and density, respectively, in
a basic reference state. The turbulent convection is con-
sidered as a small deviation from a well-mixed adiabatic
reference state. The equations for fluctuations of velocity
and entropy are obtained by subtracting equations for the
mean fields from the corresponding equations for the to-
tal fields. The fluid velocity for a low Mach number flows
is assumed to be satisfied to the continuity equation writ-
ten in the anelastic approximation, div (ρ0U) = 0 and
div (ρ0 u
′) = 0.
To study the effects of rotation on the Reynolds stress
in density stratified turbulent convection, we perform the
derivations which include the following steps:
(i) using new variables for fluctuations of velocity v =√
ρ0 u
′ and entropy s =
√
ρ0 s
′;
(ii) derivation of the equations for the second-order
moments of the velocity fluctuations 〈vi vj〉, the entropy
fluctuations 〈s2〉 and the turbulent flux of entropy 〈vi s〉
in the k space;
(iii) application of the multi-scale approach [35] that
allows us to separate turbulent scales from large scales;
(iv) adopting the spectral τ approach [36–38] (see be-
low);
(v) solution of the derived second-order moment equa-
tions in the k space;
(vi) returning to the physical space to obtain expres-
sion for the Reynolds stress as the function of the rotation
rate Ω.
The derived equations for the second-order moments
of the velocity fluctuations 〈vi vj〉, the entropy fluctua-
tions 〈s2〉 and the turbulent flux of entropy 〈vi s〉 [see
Eqs. (A3)–(A5) in Appendix A], include the first-order
spatial differential operators Nˆ applied to the third-order
moments M (III). A problem arises how to close the sys-
tem of the second-moment equations, i.e., how to ex-
press the set of the third-moment terms NˆM (III)(k)
through the lower moments (see, e.g., [37, 39, 40]).
Various approximate methods have been proposed to
solve this problem. The spectral closure applied in this
study is a widely used τ approximation (see, e.g., [36–
38])), which postulates that the deviations of the third-
moment terms, NˆM (III)(k), from the contributions to
these terms afforded by the background turbulent con-
vection, NˆM (III,0)(k), are expressed through the simi-
lar deviations of the second-order moments, M (II)(k) −
M (II,0)(k):
NˆM (III)(k)− NˆM (III,0)(k)
= −M
(II)(k)−M (II,0)(k)
τr(k)
. (3)
Here the correlation functions with the superscript (0)
correspond to the background turbulent convection with
zero spatial derivatives of the mean velocity, ∇iU j = 0.
The time τr(k) is the characteristic relaxation time of
the statistical moments, which can be identified with the
correlation time τ(k) of the turbulent velocity field for
3large Reynolds numbers. Note that we applied the τ
approximation (3) only to study the deviations from the
background turbulent convection which are caused by the
spatial derivatives of the mean velocity. Validation of the
τ approximation for different situations has been per-
formed in various numerical simulations and analytical
studies (see, e.g., [41–49]).
We use the model of the background homogeneous
stratified turbulent convection which takes into account
an increase of the anisotropy of turbulent convection with
increase of the rate of rotation [see Eqs. (A27)–(A28)
in Appendix A]. We assume that the background tur-
bulent convection is of Kolmogorov type with constant
flux of energy over the spectrum, i.e., the kinetic energy
spectrum for the range of wave numbers k0 < k < kν
is E(k) = −dτ¯ (k)/dk, the function τ¯(k) = (k/k0)1−q
with 1 < q < 3 being the exponent of the kinetic energy
spectrum (q = 5/3 for a Kolmogorov spectrum), where
kν = 1/ℓν is the wave number based on the viscous scale
ℓν , and k0 = 1/ℓ0 ≪ kν . The turbulent correlation time
in k space is τ(k) = 2τ
Ω
τ¯ (k), where the effect of rotation
on the turbulent correlation time, τ
Ω
, is described just
by an heuristic argument. In particular, we assume that
τ
Ω
=
τ0
[1 + Cτ Ω2 τ20 ]
1/2
. (4)
Here the dimensionless constant Cτ ∼ 1 and τ0 = ℓ0/u0
with the characteristic turbulent velocity u0 in the in-
tegral scale of turbulence ℓ0. In particular, the squared
inverse time-scale τ−2
Ω
is considered as a linear combina-
tion of the two simple squared inverse time-scales: τ−20
and Ω2:
τ−2
Ω
= τ−20 + CτΩ
2. (5)
For fast rotation, Ω τ0 ≫ 1, the parameter Ω τΩ tends to
be limiting value C
−1/2
τ .
The above described procedure yields the rotational
contribution to the Reynolds stress, fij = f
(F,Ω)
ij +f
(u,Ω)
ij ,
for a fast rotating turbulent convection or density strat-
ified anisotropic homogeneous turbulence, where f
(F,Ω)
ij
and f
(u,Ω)
ij are given by:
f
(F,Ω)
ij = −AF ρ0 νT Ωτ0
ℓ20
H2ρ
{
eiejW z + 2
(
W iej +W jei
)
+ 6
[
(e×∇)i ej + (e×∇)j ei
]
Uz + (e×∇)i U
⊥
j
+(e×∇)j U
⊥
i + 2
[
∇⊥i
(
e×U
)
j
+∇⊥j
(
e×U
)
i
]
− 4∇z
[(
e×U
)
i
ej +
(
e×U
)
j
ei
]}
, (6)
f
(u,Ω)
ij = −
Au
2
ρ0 νT Ωτ0
ℓ20
H2ρ
{
4
(
W iej +W jei
)
+ 4
[
(e×∇)i ej + (e×∇)j ei
]
Uz
+3(q + 1)
[
(e×∇)i U
⊥
j + (e×∇)j U
⊥
i
]
+ (3q + 7)
[
∇⊥i
(
e×U
)
j
+∇⊥j
(
e×U
)
i
]}
. (7)
The details of the derivation of Eqs. (6) and (7) are
given in Appendix A. Here W = ∇×U is the mean
vorticity, ν
T
= τ0u
2
0/6 is the turbulent viscosity, Hρ =
(|∇ρ0|/ρ0)−1 is the density stratification hight, e is the
vertical unit vector and
AF =
9(q − 1)
2(2q − 1)
εF τ0 F∗g
ρ0u20
, (8)
Au =
3(q − 1)
3q − 1
εu
1 + εu
, (9)
F∗ = ρ0 〈s′ u′z〉, the parameter εu is the anisotropy of the
background turbulence entering in the Reynolds stress
and the parameter εF is the thermal anisotropy enter-
ing in the heat flux characterising the background tur-
bulence [see Eqs. (A27)–(A28) in Appendix A]. To in-
troduce anisotropy of the background turbulence due to
rotation, we consider an anisotropic turbulence as a com-
bination of a three-dimensional isotropic turbulence and
two-dimensional turbulence in the plane perpendicular
to the rotational axis. The degree of anisotropy εu is
defined as the ratio of turbulent kinetic energies of two-
dimensional to three-dimensional motions.
In the derivation of the expression for the Reynolds
stresses we take into account the terms that are propor-
tional to the angular velocity and drop the terms that are
quadratic in the angular velocity. The reason is that the
terms that are proportional to the angular velocity causes
generation of large-scale vorticity, while the terms that
are quadratic in the angular velocity yield small contri-
butions to the anisotropic part of the turbulent viscosity.
The latter effect is neglected in the present study. On
the other hand, we have taken into account the domi-
nant contributions to the Reynolds stress caused by the
effect of fast rotation on the turbulence.
The obtained expressions for the Reynolds stresses al-
low us to determine the effective force, Fi = ρ0 fiz/Hρ:
Fx = −2(AF −Au) ρ0 νT Ωτ0
ℓ20
H3ρ
∇zUy, (10)
Fy = −2 ρ0 νT Ωτ0
ℓ20
H3ρ
[
(AF +Au)∇xUz
4−(AF −Au)W y
]
, (11)
Fz = −(5AF + 4Au) ρ0 νT Ωτ0
ℓ20
H3ρ
∇xUy. (12)
III. MEAN-FIELD DYNAMICS AND
LARGE-SCALE INSTABILITY
Averaging the Navier-Stokes equation and the equa-
tion for the vorticity for the total fields over an ensemble
of fluctuations we obtain the equations for the mean ve-
locity U and mean vorticityW =∇×U . For simplicity,
we consider the adiabatic case with the angular velocity
along z axis (i.e., along the vector e, while the gravity
field is directed opposite the vector e). The linearized
equations for Uy and W y are given by:
∂Uy
∂t
= −2UxΩ+ Fy
ρ0
+
ν
T
ρ0
∇ · (ρ0∇Uy),
(13)
∂W y
∂t
= 2Ω∇zUy +
(
∇×
F
ρ0
)
y
+
ν
T
ρ0
∇ · (ρ0∇W y).
(14)
We introduce new variables V (t, x, z) and Φ(t, x, z):
ρ0U = [V (t, x, z)ρ
1/2
0 ]ey +∇× [Φ(t, x, z)ρ
1/2
0 ]ey,
(15)
which corresponds to axi-symmetric problem. In the new
variables Eqs. (13) and (14) read
[
∂
∂t
− ν
T
(
∆− λ
2
4
)]
V = 2Ω
[
∇z − λ
2
− ν
T
τ0
ℓ20
H3ρ
[
2AF∇2x + (AF −Au)
(
∇2z −
λ2
4
)]]
Φ, (16)
(
∆− λ
2
4
) [
∂
∂t
− ν
T
(
∆− λ
2
4
)]
Φ = −Ω
[
2
(
∇z + λ
2
)
+ ν
T
τ0
ℓ20
H3ρ
[
(5AF + 4Au)∇2x
−2(AF −Au)
(
∇z + λ
2
)2]]
V . (17)
where λ = |∇ρ0|/ρ0 = 1/Hρ.
We seek for a solution of Eqs. (16) and (17) in the
following form: V ,Φ ∝ exp(−λz/2) exp(γinstt + iKxX).
This is a mode with the mean velocity that is independent
of z. The growth rate of this mode reads:
γinst = Ω
ℓ20
H2ρ
[
3(q − 1)
2(2q − 1)
(
5εF τ0 F∗ g
ρ0u20
+
4(2q − 1)
3(3q − 1)
εu
1 + εu
)]1/2
− ν
T
K2x.
(18)
For this mode W z/W y ∼ (HρLx)/ℓ20 ≫ 1. It follows
from Eq. (18) that the instability of this mode can be
excited without turbulent convection when F∗ = 0, i.e.,
for a forced hydrodynamic anisotropic turbulence. Let
us determine the evolution of the mean entropy S in this
mode. The linearised equation for S reads:
∂S
∂t
= −Uz∇zS0 + ρ−10 ∇ · (ρ0κT∇S), (19)
where κ
T
is the coefficient of turbulent diffusion and S0
is the mean entropy in the basic reference state. This
implies that
S =
Uz∇zS0
γinst + κTK
2
x
= −W zHρ
2Ω
(
γinst + νTK
2
x
γinst + κTK
2
x
)
,
(20)
where we use the solutions for the vertical mean veloc-
ity Uz = KxΦ∗ cos(KxX + ϕ) exp(γinstt), and the verti-
cal mean vorticityW z = KxV∗ cos(KxX+ϕ) exp(γinstt).
Here the ratio of amplitudes V∗/Φ∗ for this mode is
V∗
Φ∗
= − 2Ω
Hρ(γinst + κTK
2
x)
. (21)
In Eq. (21) we neglect the small terms ∼ O(ℓ20/H2ρ).
Thus, the solution for the mean entropy S =
−S∗ cos(KxX+ϕ) exp(γinstt). Equation (20) implies that
inside the cyclonic vortex where the perturbations of the
vertical mean vorticity are positive (W z > 0), the per-
turbations of the mean entropy are negative (S < 0).
Therefore, inside the cyclonic vortex the mean entropy
is reduced. On the other hand, inside the anti-cyclonic
vortex where the perturbations of the vertical mean vor-
ticity are negative (W z < 0), the perturbations of the
mean entropy are positive (S > 0). Therefore, inside the
anti-cyclonic vortex the mean entropy is increased.
5There is also another mode for which we seek for a
solution of Eqs. (16) and (17) in the form: V ,Φ ∝
exp(λz/2) exp(γinstt + iKxX). This is a mode with the
mean momentum that is independent of z. The growth
rate of this mode reads:
γinst = Ω
ℓ20
H2ρ
[
6(q − 1) εF τ0 F∗ g
(2q − 1) ρ0u20
]1/2
− ν
T
K2x. (22)
For this mode W z/W y ∼ ℓ20/(HρLx) ≪ 1, where Lx =
2π/Kx. It follows from Eq. (22) that the instability of
this mode can be excited only in turbulent convection
(when F∗ 6= 0).
IV. PRODUCTION OF LARGE-SCALE
VORTICITY IN THE ABSENCE OF GRAVITY
In this section we study production of large-scale vor-
ticity by fast rotating homogeneous anisotropic turbu-
lence in the absence of gravity. An ensemble averaging
of the momentum equation yields the equation for the
mean velocity field, U(t,x), in the reference frame rotat-
ing with the constant angular velocity Ω:
∂U i
∂t
+ (U ·∇)U i = −∇iP
ρ
+Ω2ri
+ 2(U ×Ω)i − 1
ρ
∇jρ u′i u′j , (23)
Here P is the mean fluid pressure, u′ are fluctuations of
fluid velocity, ρ is the mean fluid density that satisfies
the continuity equation written in the anelastic approxi-
mation, div (ρU) = 0, and the vector r is perpendicular
to Ω. The basic equilibrium is determined by U0 = 0
and (∇P 0)/ρ0 = Ω
2r for fast rotation, where the equi-
librium fluid pressure P 0 and density ρ0 are related by
the isothermal equation of state P 0 = c
2
sρ0 with a con-
stant sound speed cs. We use the cylindrical coordinates
(r, ϕ, z). The equilibrium profile of the fluid density is
given by:
ρ0(r) = ρ∗ exp
(
r2
L2Ω
)
, (24)
where LΩ =
√
2cs/Ω. The second term, Ω
2ri, in the right
hand side of Eq. (23) for the mean fluid velocity is the
centrifugal force, which causes the inhomogeneous den-
sity distribution (24) in the plane perpendicular to the
angular velocity Ω. In the previous sections, we consider
a fast rotating turbulent convection, where in the mo-
mentum equation we have taken into the Coriolis force,
but neglected the centrifugal force. The centrifugal force
should be taken into account only when Ω ≥ (g/R)1/2,
where R is the radius (or a typical horizontal scale of the
motions).
To obtain the rotational contribution to the Reynolds
stress, we use the same approach which has been applied
in previous sections, but for isothermal turbulence (i.e.,
in the absence of the heat flux F ) and with the inhomo-
geneous fluid density in radial direction (perpendicular to
Ω). The equation for the Reynolds stress in the k space
coincides with Eq. (A22) in Appendix A with the vanish-
ing term τ M˜Fmn. Integrating in k space in this equation,
we obtain the contribution to the Reynolds stress caused
by a fast rotation:
fΩij =
[(
Ω×λ(Ω)
)
i
λ
(Ω)
j +
(
Ω×λ(Ω)
)
j
λ
(Ω)
i
]
ρ0 u0 ℓ
3
0 εu
5(1 + εu)
.
(25)
This equation has been derived in [34] (see Eq. (B7) in
Appendix B in [34]). Here λ(Ω) = −(∇ρ0)/ρ0 = −r/L2Ω
[see Eq. (24)] and the vector r is perpendicular to Ω.
In the cylindrical coordinates (r, ϕ, z), the ϕ-
component of the mean velocity is determined by the
following equation:
ρ0
∂Uϕ
∂t
= − 1
r2
∂
∂r
[
r2
(
fΩrϕ + f
ν
rϕ
) ]
+ 2 ρ0 (U×Ω)ϕ,
(26)
where the contribution to the Reynolds stress caused by
uniform rotation is given by
fΩrϕ = ρ0νT
3Ω εu
5(1 + εu)
(
ℓ20
L4Ω
)
r2, (27)
while the contribution to the Reynolds stress caused by
turbulent viscosity is
fνrϕ = ρ0νT r
∂
∂r
(
Uϕ
r
)
. (28)
For simplicity we have considered the case when the ra-
dial dependence of the mean velocity is the strongest one,
i.e., Uϕ = Uϕ(t, r). This implies that the last term in the
right hand side of Eq. (26) vanishes. We also neglect here
a small kinematic viscosity in comparison with the tur-
bulent viscosity.
The steady-state solution of Eq. (26) reads
U
(steady)
ϕ (r) =
3Ω εu
10(1 + εu)
(
ℓ20
L4Ω
)
r3, (29)
which yields the vertical mean vorticity
W
(steady)
z (r) ≡
1
r
∂
∂r
(
r U
(steady)
ϕ
)
=
6Ω εu
5(1 + εu)
(
ℓ20
L4Ω
)
r2. (30)
Therefore, the balance between the contributions fΩrϕ
to the Reynolds stress caused by a fast rotation
and that caused by the turbulent viscosity, deter-
mines the produced time-independent large-scale vortic-
ity, W
(steady)
z (r), given by Eq. (30).
In the absence of the contribution fΩrϕ to the Reynolds
stress caused by a fast uniform rotation, Eq. (26) for
Ωϕ(t, r) ≡ Uϕ/r reads:
∂Ωϕ
∂t
= ν
T
[
∂2Ωϕ
∂r2
+
3
r
(
1 +
2 r2
3L2Ω
)
∂Ωϕ
∂r
]
. (31)
6This equation has a decaying solution for Ωϕ caused by
the turbulent viscosity:
Ωϕ(t, r) = 2C∗ Ω exp(−γdect)Φ
(
γdecL
2
Ω
2ν
T
, 2,− r
2
2L2Ω
)
,
(32)
where Φ(a, b, z) is the degenerate hypergeometric func-
tion, γdec is the damping rate due to the turbulent vis-
cosity and C∗ is a free constant. For r ≪ LΩ, this solution
reads:
Ωϕ(t, r) = 2C∗Ω exp(−γdect)
(
1− γdecr
2
4ν
T
)
. (33)
In Eq. (33) we have to exclude a uniform rotation, so that
the vertical mean vorticity corresponding to the decaying
solution is given by:
W
(decay)
z (t, r) ≡
1
r
∂
∂r
(
r2 Ωϕ
)
= −C∗Ω γdecr
2
4ν
T
exp(−γdect). (34)
The free constant C∗ is determined by the initial condi-
tion: W
(tot)
z (t = 0) = 0, so that:
C∗ =
6εu
5(1 + εu)
(
ℓ20 νT
L4Ωγ
)
. (35)
The total mean vertical vorticity, W
(tot)
z , is determined
by the sum of homogeneous and inhomogeneous solu-
tions of Eq. (26), i.e., W
(tot)
z is given by the sum of the
stationary and decaying solutions, W
(tot)
z ≡ W
(steady)
z +
W
(decay)
z . The total mean vertical vorticity for r ≪ LΩ
reads:
W
(tot)
z =
6Ω εu
5(1 + εu)
(
ℓ20 r
2
L4Ω
) [
1− exp(−γdect)
]
.(36)
At small times, γdect ≪ 1, we obtain a linear in time
growing solution for the total mean vertical vorticity:
W
(tot)
z =
6Ω εu
5(1 + εu)
(
ℓ20 r
2
LΩ
)
γdect. (37)
Therefore, a combined effect of a fast rotation and hori-
zontal inhomogeneity of the fluid density (caused by the
centrifugal force) results in the production of the large-
scale vertical vorticity in a homogeneous anisotropic tur-
bulence. A balance between the effective force caused by
the rotational contributions to the Reynolds stress and
that due to the turbulent viscosity determines the vertical
component of the large-scale vorticity given by Eq. (30).
V. CONCLUSIONS
A large-scale instability exciting at large Coriolis num-
ber has been found, which causes generation of large-
scale vorticity with dominant vertical or horizontal com-
ponents in a fast rotating density stratified small-scale
turbulent convection. The mode with the vertical vor-
ticity can be generated in both, a fast rotating density
stratified hydrodynamic turbulence and turbulent con-
vection, while the mode with the dominant horizontal
vorticity can be excited only in a fast rotating density
stratified turbulent convection. For this mode, the mean
entropy is decreased inside the cyclonic vortex and in-
creased inside the anti-cyclonic vortex. The developed
theory may be important for interpretation of origin of
large spots in the great planets (e.g., the Great Red Spot
in Jupiter [31] and large spots in Saturn [32]). The giant
planets Jupiter and Saturn have outer convection zones
of rapidly rotating convection [33]. The spots on giant
planets are not of magnetic origin and may be related
to the large-scale instability excited the convective tur-
bulence. The developed theory may be also useful for
explanation of an origin of high-latitude spots in rapidly
rotating late-type stars [25, 26].
We have also investigated production of large-scale vor-
ticity by a fast rotating homogeneous anisotropic turbu-
lence in a special case when the gravity force vanishes.
In this case the centrifugal force should be taken into
account, which causes an inhomogeneous fluid density
distribution in the plane perpendicular to the angular
velocity. As a result, the large-scale vertical vorticity is
produced by a combined effect of a fast rotation and hor-
izontal inhomogeneity of the fluid density.
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Appendix A: Derivation of equation for the
rotational contributions to the Reynolds stress
In this Appendix we derive equation for the rotational
contributions to the Reynolds stress. We follow the ap-
proach developed in [23, 34]. Fluctuations of velocity
u′ and entropy s′ are given by Eqs. (1) and (2), where
the nonlinear terms UN and SN which include also the
molecular dissipative terms, are given by
UN = 〈(u′ ·∇)u′〉 − (u′ ·∇)u′ + fν(u′), (A1)
SN = 〈(u′ ·∇)s〉 − (u′ ·∇)s− (1/T0)∇ · Fκ(s′),
(A2)
where ρ0 fν(u
′) is the molecular viscous force, Fκ(s
′) is
the heat flux that is associated with the molecular ther-
mal conductivity.
We rewrite Eqs. (1) and (2) in the new variables
for fluctuations of velocity v =
√
ρ0 u
′ and entropy
s =
√
ρ0 s
′, use the k space and derive equations
7for the following correlation functions: fij(k,K) =
〈vi(t,k1)vj(t,k2)〉, Fi(k,K) = 〈s(t,k1)vi(t,k2)〉 and
Θi(k,K) = 〈s(t,k1)s(t,k2)〉, where we apply multi-scale
approach [35], k1 = k+K/2, k2 = −k+K/2, the wave
vector K and the vector R = (x + y)/2 correspond to
the large scales, while k and r = y − x correspond to
the small ones. Hereafter we omitted argument t in the
correlation functions. The equations for these correlation
functions are given by
∂fij(k,K)
∂t
= (IUijmn + L
Ω
ijmn)fmn +M
F
ij + Nˆ f˜ij ,
(A3)
∂Fi(k,K)
∂t
= (JUim +D
Ω
im)Fm + gemPim(k1)Θ
+Nˆ F˜i, (A4)
∂Θ(k,K)
∂t
= −div [U Θ] + NˆΘ, (A5)
where DΩij(k) = 2εijmΩnkmn, L
Ω
ijmn = D
Ω
im(k1) δjn +
DΩjn(k2) δim, δij is the Kronecker unit tensor, kij =
kikj/k
2, εijk is the Levi-Civita fully antisymmetric ten-
sor,
IUijmn = J
U
im(k1) δjn + J
U
jn(k2) δim =
[
2kiqδmpδjn + 2kjqδimδpn − δimδjqδnp − δiqδjnδmp + δimδjnkq ∂
∂kp
]
∇pU q
−δimδjn [divU +U ·∇], (A6)
and
MFij = gem[Pim(k1)Fj(k,K) + Pjm(k2)Fi(−k,K)],
(A7)
JUij (k) = 2kin∇jUn −∇jUi − δij [(1/2) divU + i(U ·k)],
(A8)
Pij(k) = δij − kij and Fi(−k,K) = 〈s(k2)vi(k1)〉. Note
that the correlation functions fij , Fi and Θ are propor-
tional to the fluid density ρ0(R). Here Nˆ f˜ij , Nˆ F˜i and
NˆΘ are the terms which are related to the third-order
moments appearing due to the nonlinear terms. In par-
ticular,
Nˆ f˜ij = 〈Pim(k1)vNm(k1)vj(k2)〉
+〈vi(k1)Pjm(k2)vNm(k2)〉, (A9)
Nˆ F˜i = 〈sN (k1)uj(k2)〉+ 〈s(k1)Pim(k2)vNm(k2)〉,
(A10)
NˆΘ = 〈sN (k1)s(k2)〉+ 〈s(k1)sN (k2)〉, (A11)
where vN (k) and sN (k) are the nonlinear terms related
to UN and SN , respectively.
In tensors DΩij and L
Ω
ijmn we extract the parts which
depend on the density stratification effects, characterised
by the vector λ = −(∇ρ0)/ρ0, i.e.,
DΩij = D˜ij +D
λ
ij +D
λ2
ij +O(λ
3), (A12)
LΩijmn = L˜ijmn + L
λ
ijmn + L
λ2
ijmn +O(λ
3), (A13)
where D˜ij = 2εijpΩqkpq, D
λ
ij = 2εijpΩqk
λ
pq, D
λ2
ij =
2εijpΩqk
λ2
pq ,
L˜ijmn = 2Ωq (εimp δjn + εjnp δim) kpq, (A14)
Lλijmn = −2Ωq
[
(εimp δjn − εjnp δim) kλpq
+
i
k2
(εilq δjn λm − εjlq δim λn) kl
]
, (A15)
Lλ
2
ijmn = 2Ωq (εimp δjn + εjnp δim) k
λ2
pq , (A16)
kλij =
i
2k2
[kiλj + kjλi − 2kij(k·λ)], (A17)
kλ
2
ij =
1
4k2
[
λiλj − kijλ2 + 4kijpqλpλq
]
. (A18)
Next, we apply the spectral τ approximation [see
Eq. (3)], i.e.,
Nˆfij(k)− Nˆf (0)ij (k) = −
fij(k)− f (0)ij (k)
τ(k)
, (A19)
NˆFi(k)− NˆF (0)i (k) = −
Fi(k)− F (0)i (k)
τ(k)
, (A20)
NˆΘ(k)− NˆΘ(0)(k) = −Θ(k)−Θ
(0)(k)
τ(k)
, (A21)
where Nˆfij = Nˆ f˜ij + MFij (FΩ=0) and NˆFi = Nˆ F˜i +
genPin(k)Θ
Ω=0. The quantities FΩ=0 and ΘΩ=0 are for
a nonrotating turbulent convection with nonzero spatial
derivatives of the mean velocity. The superscript (0) cor-
responds to the rotating background turbulent convec-
tion with ∇iU j = 0.
Equations (A3)-(A5) in a steady state read
fij(k) = L
−1
ijmn
[
f (0)mn + τ M˜
F
mn + τ (I
U
mnpq + L
λ
mnpq
+Lλ
2
mnpq) fpq
]
, (A22)
Fi(k) = D
−1
im
[
F (0)m (k) + τ (J
U
mn +D
λ
mn +D
λ2
mn)Fn
]
,
(A23)
where
M˜Fij = gem
{[
Pim(k) + k
λ
im + k
λ2
im
]
F˜j(k) +
[
Pjm(k)
−kλjm + kλ
2
jm
]
F˜i(−k)
}
, (A24)
8and F˜i = Fi − FΩ=0i and we neglected terms ∼ O(λ3).
In Eqs. (A22)–(A23), the operator D−1ij is the inverse of
δij − τD˜ij and the operator L−1ijmn(Ω) is the inverse of
δimδjn − τ L˜ijmn, where
D−1ij = χ(ψ) (δij + ψ εijm kˆm + ψ
2 kij), (A25)
and
L−1ijmn(Ω) =
1
2
[
B1 δimδjn +B2 kijmn +B3 (εimpδjn + εjnpδim)kˆp +B4 (δimkjn + δjnkim)
+B5 εipmεjqnkpq +B6 (εimpkjpn + εjnpkipm)
]
, (A26)
kˆi = ki/k, χ(ψ) = 1/(1 + ψ
2), ψ = 2τ(k) (k · Ω)/k,
B1 = 1 + χ(2ψ), B2 = B1 + 2− 4χ(ψ), B3 = 2ψ χ(2ψ),
B4 = 2χ(ψ) − B1, B5 = 2 − B1 and B6 = 2ψ [χ(ψ) −
χ(2ψ)].
We use the following model of the background homoge-
neous stratified turbulence or turbulent convection which
takes into account an increase of the anisotropy of tur-
bulence with increase of the rate of rotation:
f
(0)
ij ≡ 〈vi(k1) vj(k2)〉 =
E(k) [1 + 2k εu δ(kˆ · Ωˆ)]
8π k2 (k2 + λ˜2) (1 + εu)
[
δij (k
2 + λ˜2)− ki kj − λ˜i λ˜j + i
(
λ˜i kj − λ˜j ki
)]〈v2〉, (A27)
F
(0)
i ≡ 〈vi(k1) s(k2)〉 =
3E(k) [1 + k εF δ(kˆ · Ωˆ)]
8π k2 (k2 + λ˜2)
[
k2 ej Pij(k) + iλ˜ kj Pij(e)
]
F∗, (A28)
and Θ(0) ≡ 〈s(k1) s(k2)〉 = Θ∗E(k)/4πk2, where F∗ =
ρ0 〈s′ u′z〉, Θ∗ = ρ0 〈(s′)2〉, δij is the Kronecker tensor,
Pij(e) = δij − eiej , δ(x) is the Dirac delta function, kˆ =
k/k and Ωˆ = Ω/Ω. Here we have taken into account that
in the anelastic approximation the velocity fluctuations
v =
√
ρ0 u
′ satisfy the equation ∇ · v = v · λ˜, where
λ˜ ≡ λ/2 = −(∇ρ0)/2ρ0.
Solution of Eq. (A23) for fast rotation by iterations in
small parameter (ℓ0λ)
2 reads:
Fˆ (1,U) = τ2
(
JˆU Dˆλ + DˆλJˆU
)
Fˆ (0), (A29)
and
Fˆ (2,U) = τ2
(
JˆU Dˆλ + DˆλJˆU
)
Fˆ (0,λ) + τ2
(
JˆUDˆλ
2
+ Dˆλ
2
JˆU
)
Fˆ (0) + τ3
(
JˆU DˆλDˆλ + DˆλJˆU Dˆλ + DˆλDˆλJˆU
)
Fˆ (0),
(A30)
where JˆU ≡ JUij (k), Dˆλ ≡ Dλij , Dˆλ
2 ≡ Dλ2ij , the vector
Fˆ (0) is the part of F
(0)
i that is a zero order in λ [i.e., it
is proportional to k2 ej Pij(k)], while the operator Fˆ
(0,λ)
is the part of F
(0)
i that is the first-order in λ [i.e., it is
proportional to iλ˜ kj Pij(e)]. Solution of Eq. (A22) for
fast rotation by iterations in small parameter (ℓ0λ)
2 up
to the second-order in this parameter we obtain:
fˆ (1,F ) = τg
(
eˆPˆ Fˆ (1,U) + IˆUτ2eˆPˆ DˆλFˆ (0)
)
, (A31)
fˆ (1,u) = τ
(
IˆUτLˆλ + Lˆλτ IˆU
)
fˆ (0), (A32)
and
fˆ (2,F ) = τgeˆ
(
Pˆ Fˆ (2,U) + kˆλFˆ (1,U)
)
+ τLˆλ
(
fˆ (1,F ) + τ IˆUτDˆλFˆ (0)
)
+ τgIˆUτ2eˆPˆ
[(
Dˆλ
2
+ kˆλDˆλ
)
Fˆ (0) + DˆλFˆ (0,λ)
]
= τgIˆUτ2eˆPˆ
[(
kˆλDˆλ + Dˆλ
2
)
Fˆ (0) + DˆλFˆ (0,λ)
]
+ τ3g
[
Lˆλeˆ
(
kˆλJˆU Fˆ (0) + Pˆ JˆU Fˆ (0,λ)
)
+ Lˆλ
2
eˆPˆ JˆU Fˆ (0)
]
9+τ3geˆ
{
Pˆ
[(
JˆUDˆλ + DˆλJˆU
)
Fˆ (0,λ) +
(
JˆUDˆλ
2
+ Dˆλ
2
JˆU
)
Fˆ (0)
]
+ kˆλ
(
JˆUDˆλ + DˆλJˆU
)
Fˆ (0)
}
, (A33)
fˆ (2,u) = τ
(
IˆUτLˆλ + Lˆλτ IˆU
)
fˆ (0,λ) + τ
(
IˆUτLˆλ
2
+ Lˆλ
2
τ IˆU
)
fˆ (0) + τ2Lˆλ
(
IˆUτLˆλ + Lˆλτ IˆU
)
fˆ (0), (A34)
where eˆ ≡ ei, IˆU ≡ IUijmn, Pˆ ≡ Pij(k), kˆλ ≡ kλij , Lˆλ ≡
Lλijmn, Lˆ
λ2 ≡ Lλ2ijmn, and the tensor fˆ (0) is the part of
f
(0)
ij that is a zero order in λ [i.e., it is proportional to
k2 Pij(k)], while the tensor fˆ
(0,λ) is the part of f
(0)
ij that
is the first-order in λ [i.e., it is proportional to i
(
λ˜i kj −
λ˜j ki
)
].
The above described procedure after integration in k
space yields the Reynolds stresses, fij = f
(F,Ω)
ij + f
(u,Ω)
ij ,
for the fast rotating stratified anisotropic homogeneous
turbulence or turbulent convection for the fast rotation,
where f
(F,Ω)
ij and f
(u,Ω)
ij are given by Eqs. (6) and (7). In
order to integrate over the angles in k-space we used the
following integrals and identities:∫
k⊥ij dϕ = πδ
(2)
ij ,
∫
k⊥ijmn dϕ =
π
4
∆
(2)
ijmn, (A35)∫
k⊥ijmnpq dϕ =
π
24
∆
(2)
ijmnpq , (A36)
where δ
(2)
ij ≡ Pij(ω) = δij −ωiωj/ω2, ∆(2)ijmn = δ(2)ij δ(2)mn+
δ
(2)
imδ
(2)
jn + δ
(2)
in δ
(2)
jm, and
∆
(2)
ijmnpq = ∆
(2)
mnpqδ
(2)
ij +∆
(2)
jmnpδ
(2)
iq +∆
(2)
imnpδ
(2)
jq +∆
(2)
jmnqδ
(2)
ip +∆
(2)
imnqδ
(2)
jp +∆
(2)
ijmnδ
(2)
pq −∆(2)ijpqδ(2)mn. (A37)
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